Abstract. The introduction of covering-based rough sets has made a substantial contribution to the classical rough sets. However, many vital problems in rough sets, including attribution reduction, are NP-hard and therefore the algorithms for solving them are usually greedy. Matroid, as a generalization of linear independence in vector spaces, it has a variety of applications in many fields such as algorithm design and combinatorial optimization. An excellent introduction to the topic of rough matroids is due to Zhu and Wang. On the basis of their work, we study the rough matroids based on coverings in this paper. First, we investigate some properties of the definable sets with respect to a covering. Specifically, it is interesting that the set of all definable sets with respect to a covering, equipped with the binary relation of inclusion ⊆, constructs a lattice. Second, we propose the rough matroids based on coverings, which are a generalization of the rough matroids based on relations. Finally, some properties of rough matroids based on coverings are explored. Moreover, an equivalent formulation of rough matroids based on coverings is presented. These interesting and important results exhibit many potential connections between rough sets and matroids.
Introduction
Rough sets were originally proposed by Pawlak [32, 33, 34] as useful tools for dealing with the vagueness and granularity in information systems. This theory can approximately characterize an arbitrary subset of a universe by using two definable subsets called lower and upper approximation operators [5] . Now, with the fast development of rough sets in recent years, it has already been applied in fields such as knowledge discovery [10, 15, 22] , machine learning [12, 16] , decision analysis [11] , process control [14, 17] , pattern recognition [21, 31] and many other areas [2, 4, 6, 7, 19, 24] . Coveringbased rough sets have been proposed as a generalization of classical rough sets and the study on covering-based rough sets is fetching in more and more researchers in the past few years.
The concept of matroids was originally introduced by Whitney [40] in 1935 as a generalization of graph theory and linear algebra. Matroid is a structure that generalizes linear independence in vector spaces, and has a variety of applications in many fields such as algorithm design [8] and combinatorial optimization [20] . In theory, matroid provides a well platform to connect it with other theories. Some interesting results about the connection between matroids and rough sets can be found in literatures [13, 23, 25, 27, 28, 36, 37, 38, 39, 41, 42] .
This paper proposes the concept of rough matroids based on coverings, as an excellent generalization of the rough matroids based on relations, is due to Zhu and Wang [47] for integrating rough sets and matroids. With this new concept, we can not only study rough sets with matroidal structures, but can also investigate matroids from a wider perspective. Begin to this paper, we define the definable set based on a covering, which generalizes from the definable set based on a relation. Moreover, on the basis of the definition of definable set based on a covering, some properties of definable set based on a covering are investigated. Specifically, it is interesting that the set of all definable sets with respect to a covering, equipped with the binary relation of inclusion ⊆, constructs a lattice. Second, we propose the concept of rough matroids based on coverings from the viewpoint of definable set based on a covering. In fact, the definition of rough matroids based on coverings is a generalization of rough matroids based on relations. Finally, some properties of rough matroids based on coverings are explored. Moreover, an equivalent formulation of rough matroids based on coverings are presented. These results show many potential connections between covering-based rough sets and matroids.
The remainder of this paper is organized as follows: In Section 2, some basic concepts and properties related to covering-based rough sets, lattices, matroids and rough matroids based on relations are introduced. In Section 3, we propose the rough matroids based on coverings, which are a generalization of the rough matroids based on relations. In Section 4, some properties of rough matroids based on coverings are explored. Section 5 concludes this paper.
Preliminaries
In this section, we recall some fundamental concepts and properties of coveringbased rough sets, lattice and rough matroids based on relations. We firstly present several denotations.
Let U be a set, U × U the product set of U and U . Any subset R of U × U is called a binary relation on U . For any (x, y) ∈ U × U , if (x, y) ∈ R, then we say x has relation with y, and denote this relationship as xRy.
For any x ∈ U , we call the set {y ∈ U | xRy} the successor neighborhood of x in R and denote it as RN (x).
Throughout this paper, a binary relation is simply called a relation and it is defined on a finite and nonempty set.
Covering-based rough sets
In this subsection, we review some basic definitions and results of covering-based rough sets used in this paper. For detailed descriptions about covering-based rough sets, please refer to [43, 44, 45] .
It is clear that a partition of U is certainly a covering of U , so the concept of a covering is an extension of the concept of a partition. In the following discussion, the universe of discourse U is considered to be finite.
Definition 2.
(Covering-based approximation space [45] ) Let U be a universe of discourse and C be a covering of U . We call the ordered pair U, C a covering-based approximation space. [46] ) Let C be a covering of U . For any x ∈ U , we define the neighborhood of x as follows: [46] ) ∀X ⊆ U , the lower approximation of X is defined as
Definition 3. (Neighborhood
N C (x) = {K ∈ C : x ∈ K}.
Definition 4. (Lower and upper approximations
and the upper approximation of X is defined as
Operations XL C and XH C on 2 U defined as follows: Let ∼ X = U −X, we have the following property of the approximation operations, which defined in the above definition.
Theorem 1.
[46] Let C be a covering of U and X ⊆ U . Then XL(∼ X) =∼ XH(X).
Matroids
Matroid is a vital structure with high applicability and borrows extensively from linear algebra and graph theory. It has been applied to a variety of fields such as combinatorial optimization [20] and greedy algorithm design [8] . One of main characteristic of matroids is that there are many equivalent ways to define them, which is the basis for its powerful axiomatic system. The following definition presents a widely used axiomatization on matroids. [18, 26] ) A matroid is an ordered pair M = (U, I), , where U is a finite set, and I a family of subsets of U with the following three properties: (I1) ∅ ∈ I; (I2) If I ∈ I, and I ′ ⊆ I, then I ′ ∈ I; (I3) If I 1 , I 2 ∈ I, and |I 1 | < |I 2 |, then there exists e ∈ I 2 − I 1 such that I 1 {e} ∈ I, where |I| denotes the cardinality of I. Any element of I is called an independent set. Example 1. Let G = (V , U ) be the graph as shown in Fig.1 . Denote I = {I ⊆ U | I does not contain a cycle of G}, i.e., I = {∅, {a 1 }, {a 2 }, {a 3 }, {a 4 
Definition 5. (Matroid
}, {a 1 , a 2 }, {a 1 , a 3 }, {a 1 , a 4 }, {a 2 , a 3 }, {a 2 , a 4 }, {a 3 , a 4 }, {a 1 , a 2 , a 4 }, {a 1 , a 3 , a 4 }, {a 2 , a 3 , a 4 }}. Then M = (U , I) is a matroid, where U = {a 1 , a 2 , a 3 , a 4 }. a 1 a 2 a 3 a 4
Partially ordered set and lattice
Lattice with both order structures and algebraic structures, and it is closely linked with many disciplines, such as group theory [1] and so on. Lattice theory plays an important role in many disciplines of computer science and engineering. For example, they have applications in distributed computing, programming language semantics [29, 30, 35] . [3, 9] ) Let U be a nonempty set and ≤ a partial order on U . For any x, y, z ∈ U , if
Definition 6. (Partially ordered set
Based on the partially ordered set, we introduce the concept of lattice. [3, 9] ) A partially ordered set U, ≤ is a lattice if a ∨ b and a ∧ b exist for all a, b ∈ U . U, ∨, ∧ is called an algebraic system induced by lattice U, ≤ .
Definition 7. (Lattice
We list the properties of the algebraic system induced by a lattice in the following theorem. [3, 9] ) Let U, ∨, ∧ be an algebraic system induced by lattice U, ≤ . For any a, b, c ∈ U , the algebra has the following identities:
Theorem 2. (
The following definition shows the conditions that an algebraic system is a lattice.
Definition 8.
( [3, 9] ) Let U, ∨, ∧ be an algebraic system. If ∧ and ∨ satisfy (P2)-(P4) of Theorem 2, then U, ∨, ∧ is a lattice.
Rough matroids based on relations
Rough matroids based on relations have been proposed by Zhu and Wang [47] as a generalization of matroids. That is, matroids are a special case of rough matroids based on relations. Rough matroids based on relations not only reflect some important characteristics of rough sets, but also have the advantages of matroids. [47] ) Let R be a relation on U . For all
Definition 9. (Definable set based on a relation
X ⊆ U , if X = x∈X RN (x), then X is
called a definable set with respect to R. The family of all definable sets with respect to R is denoted by D(U, R).
In the following definition, we define lower rough matroids based on relations using the lower approximation operator. [47] ) Let R be a relation on U . A lower rough matroid based on R is an ordered pair M R = (U, I R ) where I R ⊆ D(U, R) satisfies the following three conditions:
Definition 10. (Lower rough matroid based on a relation
Similarly, the definition of upper rough matroids based on relations is presented using the upper approximation operator. [47] ) Let R be a relation on U . An upper rough matroid based on R is an ordered pair M R = (U, I R ) where I R ⊆ D(U, R) satisfies the following three conditions:
Definition 11. (Upper rough matroid based on a relation
The following example is used to illustrate the lower and upper rough matroids based on relations. a 1 ), (a 2 , a 1 ), (a 2 , a 2 ), (a 3 , a 1 ), (a 3 ,  a 3 )} and R 2 = R 1 {(a 4 , a 4 )}. Suppose that I = {∅, {a 1 }, {a 1 , a 2 }, {a 1 , a 3 }}. Then M = (U, I) is an upper rough matroids based on R 1 and a lower rough matroid based on R 2 .
Rough matroids based on coverings
Rough set is a useful tool for dealing with the vagueness and granularity in information systems. It is widely used in attribute reduction in data mining. There are many optimization issues in attribute reduction. Matroid theory is a branch of combinatorial mathematics. It is widely used in optimization. Therefore, it is a good idea to integrate rough sets and matroids. In theory, matroid theory provides a good platform to connect it with rough set theory. An excellent introduction to the topic of rough matroids is due to Zhu and Wang. In this section, on the basis of their work, we propose rough matroid based on a covering, which is a generalization of rough matroid based on a relation.
Definable sets based on coverings
We firstly present the definition of definable set based on a covering, which is the foundation of rough matroids based on coverings. 
, which is essential for completeness in some results of this paper.
In fact, the definable set as the above definition shown is a similar generalization of that in relation-based rough sets. We illustrate it with the following example. On one hand, for any z ∈ X Y , since z ∈ N C (z), then z ∈ z∈X Y N C (z). Hence,
Hence, X Y ∈ D(U, C).
The above proposition shows that the union and intersection of two definable sets with respect to C is also definable set with respect to C, respectively. What interesting us is that the set of all definable sets with respect to C, equipped with the binary relation of inclusion ⊆, constructs a lattice. Proof. Suppose ∨ = and ∧ = . It is easy to prove this proposition by Definition 8 and Proposition 1.
In fact, the partially ordered set D(U, C), ⊆ is not only a lattice, but also it is an atomic lattice. C) , completing the proof.
Corollary 1. Let C be a covering of U . Then
Proof. Since XL(∼ X) =∼ XH(X) holds for any X ⊆ U , then XL C (X) = X ⇔ XH C (X) = X. This completes the proof.
The following proposition shows an important property of the definable sets based on coverings, which plays a vital role in the rough matroids based on coverings.
Rough matroids based on coverings
In the following definition, we define lower rough matroids based on coverings using the covering-based lower approximation operator. 
Similarly, the definition of upper rough matroids based on coverings is presented using the covering-based upper approximation operator. 
The following example is used to illustrate the connection between lower and upper rough matroids based on coverings. (1) Suppose I C = {∅, {e}, {f }, {a, d}, {a, d, e}, {a, d, f }}. Then M C = (U, I C ) is both a lower and an upper rough matroid based on C.
(2) Suppose I C = {∅, {e}, {a, d}, {b, c}, {a, d, e}, {a, b, c, d}}. Then M C = (U, I C ) is not a lower rough matroid based on C or an upper rough matroid based on C since |XL C ({e})| = 1 < |XL C ({a, d})| = 2 but there dose not exist a I ∈ I C such that
It is noted that for any covering C, (U, D(U, C)) and (U, ∅) are both lower and upper rough matroids based on C. (1) Suppose I C = {∅, {a}, {c}}. Then M C = (U, I C ) is a rough matroid based on C.
(2) Suppose I C = {∅, {a, b}, {a, c}, {a, c, d}}. Then M C = (U, I C ) is not a rough matroid based on C since there does not exist I ∈ I C such that {a, b} ⊂ I ⊆ {a, b} {a, c, d}.
It is clear that rough matroids based on coverings are generalizations of matroids. Condition under which the rough matroid based on a coverings is also a matroid are presented in the following proposition. If |I| = |I 1 | + 1, then we suppose e ∈ I − I 1 . Thus
This completes the proof.
The above proposition shows the condition under which the rough matroid based on a coverings is a matroid. We illustrate it with the following example.
is both a rough matroid based on C and a matroid on U .
Properties of rough matroids based on coverings
This section shows some properties and equivalent formulations of rough matroids based on coverings. Proposition 6. Let n > r > 0 be two integers and C be a covering of n− set U . Suppose The above example indicates that N C (x) = {x} for all x ∈ U is a sufficient condition and not a necessary condition of M C = (U, I C ) is a rough matroid based on C.
Corollary 2.
Let n ≥ r ≥ 1 be two integers and C be a covering of n− set U . Suppose
Proof. ⇒): If there exists x ∈ U such that N C (x) = {x}, then {x} / ∈ D(U, C). This contradicts M C = (U, I C ) is a matroid.
⇐): It is straightforward.
The above proposition presented as a generalization of the uniform matroids. Proof. It is easy to prove C = C 1 C 2 be a covering of U . Since U 1 U 2 = ∅, then D(U, C) = D(U 1 , C 1 ) D(U 2 , C 2 ). Therefore we only need to prove I satisfies (CI1)-(CI3) of Definition 15.
(1) Since ∅ ∈ I C1 and ∅ ∈ I C2 , then ∅ ∈ I, i.e., (CI1) holds. This completes the proof.
